REGULARITY AND RELAXED PROBLEMS OF 
MINIMIZING BIHARMONIC MAPS INTO SPHERES 

Min-Chun Hong and Changyou Wang 

Abstract. For n > 5 and fc > 4, we show that any minimizing biharmonic map from 
C K"" to is smooth off a closed set whose flausdorff dimension is at most n — 5. 
When n = 5 and fc = 4, for a parameter A G [0, f] we introduce a A-relaxed energy Mx 
of the Hessian energy for maps in W'^'^{Q; S*^) so that each minimizer ux of Mx is also a 
biharmonic map. We also establish the existence and partial regularity of a minimizer of 
B.X for A e [0,1). 



1. Introduction 

For 71 > 5 and /c > 4, let O C M"^ be a bounded smooth domain and 5''^ C M.^^'^ be 
the unit sphere. Define 

W^'^{n,S'') = {ue M^2,2(Q^^fc+i)| |^^^)| _ I for a.e. x e Q} 
and also define, for a given map uq G VF^'^(0, S^), 

W^'^^in, S'') = {ue S'')] u- uo\da = V(m - wo)|9n = in the trace sense }. 



The hessian energy functional on 5''^) is defined by 



Recall that a map u G S^) is a (weakly) biharmonic map if w is a critical 

point of HI(-) in 1^^'^(0, S'^) so that it satisfies the Euler-Lagrange equation: 

(1.2) - w = (I A + 2V ■ (Vw ■ Au) - A|Vwp)« 

in the distribution sense, where V- is the divergence operator in and ■ is the inner 
product in M^+^. 
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A typical class of biharmonic maps is given by minimizing biharmonic maps. A map 
u e W^'^{Q, S^) is a minimizing biharmonic map if it satisfies 

(1.3) H(u) < m{w), Ww e w^'^{n, 5^). 

The study of minimizing biharmonic maps into spheres was initiated by Hardt-Mou 
[HM] . Chang- Wang- Yang [CWY] established the partial regularity for weakly stationary 
biharmonic maps into spheres, ie. if tt G W'^''^{Q; S'^) be a weakly stationary biharmonic 
map, then u G C°°(0, for n = 4 and u E C°°(0 \ E, 5^=) with ^^'^-^(E) = 
for n > 5. Very recently, the main theorems of [CWY] have been generalized by 
the second author [Wl,2,3] for stationary biharmonic maps into any compact smooth 
Riemannian submanifold N of the Euclidean spaces. The results in [CWY], [Wl,2,3] 
give the partial regularity theorem for minimizing biharmonic maps for n > 5 since a 
minimizing biharmonic map is stationary. However the minimality of the biharmonic 
map y) = |fy : x B^~^ S"^ (see Proposition Al of §5 below) indicates that the 
dimension of the singular set E for minimizing biharmonic maps may be smaller than 
n — 4. Compared with the optimal partial regularity for minimzing harmonic maps by 
Giaquinta-Giusti [GG] and by Schoen-Uhlenbeck [SU] , it is natural to ask the following 
question: 

Does the singular set of a minimizing biharmonic map have Hausdorff dimension at 
most n — 5? 

In this aspect, we have 

Theorem A. For n > 5 and k > 4, let u E W'^''^{Q, S'') be a minimizing biharmonic 
map and denote by S{u) the singular set ofu. Then S{u) is discrete for n = 5, and has 
its Hausdorff dimension at most n — 5 for n >6. 

One of key ingredients to prove Theorem A is to derive an extension inequality (2.1) 
for the hessian energy for maps into with > 4, inspired by Hardt-Lin's extension 
Lemma (see [HL], [HKL]) in the context of harmonic maps into a simply connected 
manifold. An important consequence of (2.1) is to obtain the Caccioppoli inequality 
(2.7) for miminimizing biharmonic maps so that a weakly convergent sequence of min- 
imizing biharmonic maps in W^'^{Q, S^) converges strongly in ^^^^ a minimizing 
biharmonic map. Combined this fact with the energy monotonicity inequality for sta- 
tionary biharmonic maps due to [CWY], it guarantees that a refinement of Federer 
dimension reduction scheme [F] is applicable so that Theorem A follows from a similar 
argument as one in [S]. 

For n = 5, it follows from Theorem A that suitable rescalings at each singular point of 
a minimizing biharmonic map u G VF^'^(fi, S'^) yields a minimizing biharmonic map of 
the form ^'(■|fj) for some ^ G C°°(S''^, S'^). Motivated by the work by Brezis-Coron-Lieb 
[BCL] on minimizing harmonic maps from into 5"^, it will be an interesting problem 
to study the map \E' given as above. Inspired by the problem proposed by Hardt-Lin 
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[HLl] on the context of harmonic maps from to S^, we would also like to ask the 
following question: 

For any given map e C°°{S^,S'^) with zero degree, is there a biharmonic map u e 
C°°(S5, S^) with u = if; ondB^? 

The example A2 of Section 5 indicates that any minimizing biharmonic map extension 
of some boundary map with degree zero has singularities. In order to study this problem, 
wc extend the idea of a relaxation of the Dirichlet energy functional of harmonic maps 
from to 5"^ by Bethuel-Brezis-Coron [BBC] and Giaquinta-Modica-Soucek [GMS]. 
More precisely, we hope to introduce a relaxed energy functional for biharmonic maps 
from C to 5^. 

For a W^-^-map from C to 5^, the D-field of u, D{u) = [Diiu], D^{u)) e 
Li(f],M5), is defined by 

For any given e W'^^'^iVt, S^) n S^), define 

L{u):=— sup {! D{u)-V^dx- I D{u)-v^dH''-^}, "iu eW^'^in, S^). 

(^■4 ^:n^K,||V^||i,oo<l JO. JdQ. 

For any A e (0, 1], the A-relaxed hessian energy functional is defined by 
(1.3) Ha(w) := H(w) + 16A(74L(w), e S^). 

Throughout the paper, we denote by ak = 71^ {S^) the area of the unit sphere C 
R'^+i for k>A. 

Then we have 
Theorem B. 

(a) For any A G (0, 1], Ha is sequentially lower semi- continuous in 5''^) for 
the weak W^'^ -topology, 

(b) for any A e (0, 1], there exists a u\ & W^''^{Q, S'^) which minimizes M.x{-) among 
W^''^{Q, S'^)-maps, and 

(c) for any A G (0, 1), ux is a weakly biharmonic map satisfying ux G C°°{Q.\T^Xi S^)} 
with li}-\i:x) = for some 6 > 0. 

Finally, modifying the arguments of [BCL], there exist infinitely many weak bihar- 
monic maps in S'^). It will be an interesting question to establish this result 
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for general boundary data. To do it, one needs to establish the boundary regularity 
of a minimizing harmonic maps, but this is unknown. The partial regularity has been 
established in [LW]. 

The paper is organized as follows. In Section 2, we derive a Caccioppoli's inequality 
for Q-minimizing biharmonic maps. In Section 3, we prove a partial regularity for Q- 
minimizing biharmonic maps and also present a proof of Theorem A. In Section 4, we 
prove Theorems B. In Section 5 is an appendix and several elementary facts will be 
given. 

Acknowledgment. We would like to thank Professor Mariano Giaquinta for useful 
comments and discussions. The research of the first author is supported by the Aus- 
tralian Research Council. 



2. Caccioppoli's inequality 

In this section, we consider, for any Q > 1, Q-minimizing biharmonic maps from R"^ 
to for n > 5 and /c > 4, and establish the Cacciopoli inequality. The idea is inspired 
by the Hardt-Lin's extension Lemma (see [HL], [HKL]). 

Definition 2.0. (Q -minimizing biharmonic map) Let Q he a constant with 1 < Q < oo. 
For n>h and k > 4, a map u G VF^'^(0, S^) is called a Q-minimizing biharmonic map 
if (i) u is a weakly biharmonic map and (ii) u satisfies 

(2.0) m{u) < QM{v), yv e W^'\Q, S''). 



It is clear that any minimizing biharmonic map is a Q-minimizing biharmonic map 
with Q = 1. Now we have 

Lemma 2.1. (Extension Lemma) For n > 5 and k > 4, let Q G be any bounded 
smooth domain. Then for any map v E W'^''^{fl,M.^'^^) with \v{x)\ = 1 and 'S7v{x) E 
Tv{x)S^ for a.e. x E dQ, there exists a map w e W^'^{D,, S^) such that w = v,Vw = Vv 
on dQ, and 

(2.1) [ \Aw\^dx<c[{\Av\^ + \Vv\'^)dx, 

Jo. Jq 

where C > is independent of u and Q. 

Proof. For any a e ]R'^+-'^ with \a\ < |, consider the map 
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Then a simple calculation gives 



Wwa{x) = \v{x) — a\ ^'Vv{x) — \v{x) — a\ ^{v{x) — a) (8) {v{x) — a)'Vv{x), Va; e Q, 



we have, by taking one more derivative of this identity, 



(2.2) 



\v{x) — a\ \v{x) — a\ 



Integrating (2.2) over Q x B'I'^^ with respect to {x, a) and applying Fubini's theorem, 

2 

we have 



/ / \ Awa\^(x) dx da = / / \ Awa\^(x) dx da 

<C [ {\Av\' + \Vv\')ix)- [ ( ^ 12 + 1 r ^ h ) 
Jq J 31+^ - \v{x)-a\^J 

2 

<C [ (|Vv|^+ I A^;|2) {x)dx, 
Jq 



da 



dx 



where we use the fact that 



16 (7fc 

9 k+1' 



for \v\ > 1 



(f )''"^crfe, for \v\ < 1. 



/ I . s TT da < c(k) — < 

Therefore we can find an ao G -Bi"*"^ such that 

2 

(2.3) / \Awao\^{x)dx<C I {\Av\'^ + \Vv\%x)dx. 

For a e define 



na(e) = 



It is easy to see that is a diffeomorphism of S'' onto itself. In fact, 
n-'(0 = a + [(a ■ e)2 + (1 - lap)] V2^, e 5^ 
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In particular, we have 

max (||Vn-i||co(sfc) + ||V^n-i||co(5fc)) = A < oo. 

Now we set 
Note 

Vw{x) = VU-^\wao{x))VWao{x), 
WM^) = VU-^\wa,{x))W^Wa,{x)+V^U-^\wao{x)){VWao{x),WWao{x)) 

and 

due to the fact that jtUaol^^)! = 1 for a.e. x e ^l. Then we have 

(2.4) \Aw\{x) < C{A)[\Awa,\ + \Vwa,Wx) < C{A)\Awao\{x), Vx e 

Combined this with (2.3), it impHes that w E VF^'^(0, 5''') and satisfies (2.1). To 
see that w has the same trace as v on dQ, observe that, since 11"^^ o nagl^fc is the 
identity map, w = f on dQ. Moreover, since for any x G dQ we have Vw(x) = o 
nao)(^(^))(V^(a;)), V^(a;) G T,(,)5^ and V(n-i o n„J(z;(x)) : T,(,)5'= ^ T„(,)-S'= is 
the identity map, we have Vtu = Vv on dfl. The proof of Lemma 2.1 is complete. □ 

We follow the iteration method in [G] to get 

Lemma 2.2. For < tq < ri < oo, let f : [ro,ri] —>■ (0, oo) be a mesurable function. 
Suppose that there exist ^ e (0, 1), ^ > 5 > 0, a, and P > such that for ro < t < 
s < ri we have 

(2.5) fit) < ef{s) + [A{s - t)-- + B{s - t)-^]. 
Then for all ro < pR < r\ we have 

(2.6) f{p) < C[A{R - p)- + B{R - p)-% 
where C = C{a, P, 6) > 0. 

Now we have 
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Lemma 2.3. (Cacciopoli's inequality) For I < Q < oo, n > 5 and k > 4, let u be a 
Q-minimizer o/ H in W^'^{Q.^ S^). Then for all xq E and all R < dist{xo,dfl), we 
have 

(2.7) [ \Aufdx<CR-^ [ {\u-u^,,Rf + \u-u^,,Rf)dx 

for some constant C > Q, where Uxq,r — \Br{xo)\ Ibii{xo)^^^ average of u over 

Br{xo). 

Proof. It follows from Lemma 2.1 and the Q-minimality of u that 

(2.8) / \Au\'^dx<CQ [ {\Av\'^ + \Vv\^)dx 

for any v e W^{Q; M^+^), where C is a positive constant. 

For any s, t with R/2 < t < s < let (j) he a cut-off function in Bs{xo) such 
that < < 1 in Bs{xo), cj) = 1 in Bt{xo), (f) = outside B^ixo), \V(p\ < C{s - t)'^ 
and \ A < CR~'^, where C is a constant independent of s, t and R. Taking v{x) = 
u{x) - (j)[u{x) - tta;o,i?], we have 

V^; = (1 - (j))Vu - V(t)[u{x) - u^^^r] 

and 

Av = {\- 4>) Au- A(t)[u{x) - u^o^fl] - 2V0Vw. 

By (2.8), we obtain 
(2.9) 

/ \Aufdx<C [ {\Auf + \Vuf)dx+—^-^f \Vuf dx 

JBt JBsXBt \S - Jb, 

C f , ,2 J C f . 

+ 7 7x4 / \u-Uxo,r\ dx + - -4 / \u-U:,q,r\ dx 

— I') JBs \^ ~ ^) JBs 

for aU s, t with ^ <t<s<R. 
Noticing \u\ — 1, we have 

(2.10) \Vu\'^<\Au\. 

By the filling hole trick in (2.9), there exists a positive ^ < 1 such that 
Au\'^dx<e [ \Au\'^dx+—^-^ [ Wul'^dx 



Bt JB, {s - ty JB 
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ior ^ < t < s < Then it follows from Lemma 2 to obtain 
(2.11) 

/ \Au\'^dx<CR~^ \Vu\'^dx + R-^ I \u - {u)a:^^R\'^ dx 



+ R ^ \u- iu)xo,R\^dx. 

JBr{xo) 



Let (f) e C^{Bii{xq)) be a cut-off function with = 1 in B3r{xq)^ < < 1 and 
c 



|V0 < ^. Integrating by parts, we have 



/ 4>^\Vu\^ dx = - I Au ■ {u - u^o^Rjcj)^ - 2 I Vu- (u-Ua;o,R)(j)V(l)dx. 

JBr{xo) JBr{xo) JBr{xo) 

Then 

(2.12) f \Wu\^dx<eR^ ! \Au\'^dx+-^f \u - Uxo,r\'^ dx 

Jb3r{xo) JBr{xo) ^ JBr{xo) 



for a sufficiently small s. 

By (2.11)-(2.12) with a sufficiently small £, the claim (2.7) follows from the standard 
trick (e.g. [S; Lemma 2 of Chapter 2]). □ 

As a direct consequence of Lemma 2.3, we have the following reverse Holder inequality 
for Q-minimizing biharmonic maps. 

Proposition 2.4. Let 1 < Q < oo, n > 5 and k > 1. Suppose that u be a Q- 
minimizing biharmonic map in W^'^{fl; S''). Then there exists an exponent p > 4 such 
that u e W^'^'^(f2, M^). Moreover, for all xq and R < dist{xo, dfl), we have 

(2.13) (-[ {\Au\^ + l)P/^dx^ ^^ii {\Au\'' + l)dx 

\J Br/^{xo)\ ) \J Br{xo) 

for some constant C depending n, k and Q, where we denote by the average integration 
over Br{xo) 

f f{x)dx^ f{x)dx. 

J Br{xo) \^R{Xo) Jbr{xo) 

Proof. By the Poincare inequality, we have 



/ \u-u,,M'dx<CR'+-('-l^( [ 

JBr{xo) yBR{xo) 



4/q 
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and 

, 2/q 

'Br(xo) ' \JBii{xo) 

for some q < 4. Then it follows from (2.7) that 

\ 4/g / X 2/q 



-f \Au\^dx<c(-f iVul'^dx] +c(-f 



I Vwl^ dx 



for some q < 4. This implies from (2.7) that 

/ [\Au\'' + l]dx<c(-f [I Aw|2 + 1]^/^ 

for every Bh{xq) C VL with q < 4. By the reverse Holder inequality (cf. [G; page 122]), 
there exists an exponent p> 2 such that for every Bii{xQ) C VL 

(-[ [\Au\^ + lY^^dx] <C-f [\Au\^ + l]dx. 

By the standard L^-local estimate of linear elliptic equations of second order, u e 
<'f(f2,R^). □ 



3. Proof of Theorem A 



In this section, we present a proof of Theorem A. The proof consists of three steps: 
(i)regularity under the smallness of renormalized hessian energy, (ii)M^^'^-compactness 
of the space of minimizing biharmonic maps and (iii) blow-up argument utilizing both 
the energy monotonicity inequality ([CWY]) and Federer's dimension deduction [F]. 

Lemma 3.1. For any 1 < Q < oo, n > 5, and k > 4, there exists an eo G (0, 1) such 
that if u & l^^'^(f2, S^) is an Q-minimizing biharmonic map satisfying 

(3.1) (2i?)^-" [ \Au\^< el for B2r{xo) C Q 
then u e C°°(Sit(a;o), S^) and satisfies 

(3.2) ||w||cHBfl(a;o) ^ ^' ^0, 0> > 1- 

Proof. It is based on the following decay estimate: there exists an £ (0, 1) such that 

(3.3) {OoRf-'' [ \Au\^dx< (^)i?^-" / \Auf dx. 

JBg^Rixo) 2 JBr{xo) 
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Once (3.3) is established, the regularity of u follows from the standard iterations and 
suitable applications of Morrey's Lemma [M]. To prove (3.3), we argue by contradiction 
as follows (see [HL] for similar arguments for harmonic maps). By rescalings, we may 
assume that xq = and R = 1. Suppose (3.3) is false. Then there exists a sequence of 
minimizing biharmonic maps {ui} C W^'^{Bi, S'^) such that 




A Ui]"^ dx — ^ 



but we have, for any 9 e (0, 1), 

(3.4) /" \Aui\^dx>\f \Aui\^dx=\e^i. 

J Be 2 Jb^ 2 

Define the blow-up sequence Vi{x) = ; Bi E'^+-'^. It is easy see 

(vi)i = 0, / \Avi\'^dx = l, / \Vvi\^dx<l. 

JBi JBi 

Therefore we may assume that Vi —>■ Voo weakly in W'^''^{Bi), strongly in W^''^{Bi) and 
L'^{Bi). Since Ui satisfies (1.2), it is easy to see that Vi satisfies 

(3.5) -A'^Vi = ei{\Avi\'^ + 2V-{Vvi-Avi)-A\Vvi\'^)ui, in Si. 
Letting i tend to infinity, we see J^^ \ A VooP < 1 and 

A\oo = 0, in Si. 
Therefore Voo e C°°(Si, R'^+i) and satisfies, for any 6 e (0, |), 

(3.6) 6*2-'^/" \Vv^\'^dx <Cd'^, /" \voc-{voo)e\'^dx<Ce'^. 

J Bg "J Be 

Therefore, for i sufficiently large, we have 

(3.7) ^2-" / \Vuifdx < Ce^el e-"" [ \ui - {ui)e\'^dx < Ce^4. 

JBe JBe 

This, combined with (2.7) of Lemma 2.3, implies that for any 6 E (0, j) 

JBe 

This contradicts with (3.4), if we choose sufiiciently small ^ e (0, |). □ 

As a consequence of Lemma 3.1, we have the following partial regularity for Q- 
minimizing biharmonic maps. 
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Corollary 3.2. For any 1 < Q < oo, n > 5, and k > 4. Suppose that u e W^^'^(f), S^) 
is an Q-minimizing biharmonic map. Then there exist a closed set T, G Q and an S > 
such that ueC°°{n\^, S'') and 7i"-^-'^(S) = 0. 

Proof. It follows from Lemma 3.1 that the singular set of u is given by 
E = {xen\ liminf r'^-" / \Aufdy> e^}. 

By Proposition 2.4, we have that u e W^^^^{Q, S'^) for some p > 2. In particular, we 
have 

S C Sp = e n| liminf r^f-'^ / \Au\Pdy> ei} 

for some ei > 0. Therefore it is well-known (cf [G]) that 7i"-2p(S) =0. □ 

Now we want to prove that a sequence of weakly convergent minimizing biharmonic 
maps is also strongly convergent. More precisely, we have 

Lemma 3.3. For n > 5 and k > 4, let {ui} C W^'^{Q, S^) be a sequence of minimizing 
biharmonic maps such that Ui converges weakly in W^'^ to a map u e S''^) . 

Then ui converges to u strongly in W^^JQ,,S^). Moreover, u e S''^) is also a 

minimizing biharmonic map. 

Proof. The idea is similar to that of [HL]. First, it follows from Proposition 2.4 that 
there exists an p > 2 such that for any compact subset K (ZdVt 

(3.8) sup ||tti||vK2.p(K) < C{p, K) < oo. 

i>i 

Therefore, by the Rellich's compactness theorem, we may assume that Ui ^ u strongly 
in W^^^i^^S^). By localization, it suffices to show that u minimizes H on Bn and 

Ui strongly in W^'^{Bii, S'^) for any ball B2R C O,. 

Let V e W'^''^{B2R, S'^) be any map such that v = u in B2R \ Br. For any small 
5 >0, let r]5 e C^{B(^i+ss)r) be such that < r/^ < 1, 775 = 1 in -8(1+25)^, {"^Vsl < jr, 
and |V^?75| < 

Consider Vi{x) = r]s{x)v(x) + (1 - r]s{x))ui{x) : A5 = B^i+3S)R \ B(i+5)r ^ 
Then it is easy to sec Vi G W^''^{A§, M'^+^) satisfies the condition of Lemma 2.1 on Ag. 
Therefore Lemma 2.1 implies that Wi e Wy^'^{As, S'^) such that 

/ \Awi\'^dx<C {\ Avil'^ +\Wvi\^)dx. 

J As J As 
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_ f Wi{x) for X e As 

Wi[X) — < 

{ v{x) for X e B(^i+s)R- 
Then Wi e W^^^{B(^i^3S)Ri S'') so that the H-minimahty of ttj imphes 

(3.9) 

/ \Aui\'^dx< \ Awil'^ dx 

= \Av\'^dx+ \Awi\'^dx 

•'-B(l+5)R J As 

<l \Av\^dx + C f {\Avi\^ + \Vvi\'^)dx. 

B(1+5)R -'As 

Direct calculations imply 

f \Vvi\^dx<C[{5R)-^ f \ui-vfdx+ [ {\V{ui-v)f + \Vv\'^)dx] 

J As J As J As 

This, combined with the fact that v = u on Ag and Ui ^ u strongly in W^'^^ implies 
(3.10) lim / \Vvi\^dx= I \Vv\^ dx = o{5), 

J As J As 

where lim^-^o o{5) = 0. We also have 
(3.11) 

[ \Avi\'^dx<C[{SR)-^ [ \ui-v\^dx+{SR)-^ [ \V (u^ - v)\^ dx] 

J As J As J As 

+ C [ {\Aui\^ + \Av\^)dx. 

J As 

Therefore, by (3.8), we have 
(3.12) 



'As 



/ 1 Auil'^dx + / 1 


Av\^ dx 


JAs JAs 




{[ \Au,\P)i\As\^ 




+ / lA 


JAs 


JAs 



= o{5). 

Putting (3.10), (3.11), and (3.12) into (3.9), we obtain 

(3.13) lim / \Aui\'^dx< I \ A v\'^ dx + o{5) . 
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Letting v = u and 5^0, (3.13) implies Ui ^ u strongly in W'^''^{Bfi)- Moreover, by 
the lower semicontinuity, (3.13) also implies 

/ \Au\'^dx< \Av\'^dx + o{5) 

•^-^(1+35)11 "'■^(l+5)Jl 

this clearly implies the H-minimality of u on Bn. The proof is complete. □ 

In order to give a proof of theorem A, we also need to recall the following monotonicity 
inequality, which was established in [CWY] for stationary biharmonic maps. 

Lemma 3.4. For n > 5 and a compact Riemannian submanifold N C R'°~^^ without 
boundary. Suppose that u G VF^'^(0, A^) is a stationary biharmonic map. Then we have, 
for any x ^VL and < p < r < dist{x, dQ), 



(3.14) 



r^-" / lAufdy + r^-^'f [4\Vu\^ - + r-^{\Vu\'')] dy 

JBr-ix) JdBr{x) or Or 



= p'-" / \Au\'dy + p'-^ [ [4\Vu\'-4&' + p^i\Vu\')]dy 

JBp{x) JdBp{x) op op 

|V(fa-.).V.)P^ |fa-x).VuP 

JbJx)\bJx) |y-a;r ^ |y-a;r 



'Br{x) JdBrix) 

I I Aw|2rfy + p3-« f 

'Bpix) JdBpix) 
'Brix)\Bp{x) 

Now we complete a proof of theorem A. 

Proof of Theorem A. First it follows from Lemma 3.1 that the singular set S{u) is 
defined by 

S{u) = {xen: e'^-^(w, x) = liminf r^-" / \Aufdy> e^}. 

It follows from Lemma 2.3 and (2.12) that there exists a C = C{n,k) > such that 
(3.15) Q''-^{u,x) < limsupr^-" / \Au\^dy< C, Wx e n. 

r^O JBr-ix) 

Since minimizing biharmonic maps are stationary biharmonic maps, Lemma 3.4 im- 
plies that for any x & Q, 



(7'*(a;,r) :=r^-" /" lAwp + r^""/ [4| Vi^p - 4| + r^(| V«p)] 
Jb^{x) JdB,{x) or Or 
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is monotonicially nondecreasing with respect to r > so that 

(t'^(x) = hm a'^(x,r) 
1 — >o 

exists for any x E O,. It is easy to see a'^{x) < +oo. To see cr"(a;) > — cxo, let r > be a 
good shce, i.e., 

|r'-" / r^{\Wu\^)\ 

<2'^((2r)^-" / |V2w|2)^((2r)2-" [ \Vu\^)^ <C 

so that a"^(x, r) > —C. Therefore, by choosing good shces r | 0, we have a'^{x) > —C > 
— oo. 

Next, wc have 

Claim: For any xq € S{u) and ^ there exists a minimizing biharmonic map 
(j) G Wj^^jW^^S^) of homogeneous of degree zero (i.e. (f){x) — </'(|f|)y' such that after 
passing to subsequences Ui{x) = u{xo + rix) converges to a aminimizing biharmonic map 
(f) strongly in W'^^^^(W, S''). 

To show this claim, it follows from (3.15) that for any i? > 0, {ui} C W'^''^{Br, S'^) is 
a bounded sequence of minimizing biharmonic maps. Therefore, it follows from Lemma 
3.3 that there exist a minimizing biharmonic map e W'^''^{Bji, S'') such that Ui ^ (j) 
strongly in 5''^). To see is homogeneous of degree zero, note that for any 

< i?i < i?2 < i? 

a"^ (0, R2) - (0, = a'^ixo, i^sr^) - a'^(a;o, Riri) 

— > a'^{xQ) — a'^{xQ) = 0, as z — > 00. 

This, combined with (3.14) and the lower semicontinuity, implies 

< lim / ( + (n-2) — -— — )dy = 0. 

Therefore = for a.e. x e Bji^ \ , which yields (p is of homogeneous of degree 
zero. 

With the help of Lemma 3.1, 3.3, 3.4, and the above claim, the dimension estimation 
of S{u) can be proved by a refinement of the dimension reduction argument of Federer. 
For details, we refer to [S; Chapter 3]. □ 
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4. Proof of Theorem B 

This section is devoted to the proof of Theorem B. One of the crucial parts is to 
estabUsh the sequentially lower semicontinuity of 1H[;^(-) in W^''^{Q, S^). Throughout 
this section we assume that n = 5, O C M^ and (p G W^'^{n, S^) n C°°(aO, 5^). 

Let's first recall the wedge product in M.^. For the standard orthonormal base {ei}^^^ 
of M^, the wedge product of four vectors a, b, c, d inM.^, a A 6 A c A d e M^, is given by 

{a Ab A c A d)i = det (e^, a,b,c,d),l < i < 5. 

Now we have 

Lemma 4.1. For every A G (0, 1], IHIa(-) is s.l.s.c. in S"^) for the weak W^'"^ 

topology. 

Proof. Since the supremum of sequentially lower semicontinuous functions is still a 
sequentially lower semicontinuous function, it suffices to prove that for any fixed ^ : 
— > R with < 1 the functional 

Ha,^(m) = / \ Auf dx + 16X / D{u)-V^dx 
Jq Jq. 

is sequentially lower semicontinuous in W^'^(f2, S'^) for the weak W'^''^ topology. 

Let {-u"} C Wl''^{n,S^) converge to w G ^^^'^(0,5^) weakly in W'^^'^iVt^S^) n 
and strongly in W^^'^{n,S^). Set = - « e W^^'^{n,W>). Then 

we have 

(4.1) I \Au''\'^dx= I |A'y"|2da;+ / | A + o(l), 
JQ Jn Jq 

where o(l) is such that lim^^oo o(l) = 0. 
Now we claim 

(4.2) / |Vw"|^dx< / \Av''\'^dx + o{l). 

Jq Jq 

To show (4.2), observe that since \u'^\ = 1 and 1^1 = 1, we have 

this implies, by taking two derivatives, 

iV-y^p = -(A^;" • + Av" ■u + v''-Au + 2Vv" • Vu). 
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Since we have, for a.e. x & Q, 

(Aw • v") ^ 0, (Aw • v^)!/" ^ 0, (Aw • 'i;")Vw ^ 

and 

max{|(Aw^;")|, \{Au-v'')u''\} < 2| Aw] e L2(0), |(Aw-i;")Vw| < | AwHVwl G L^Q). 
The Lebegues Dominated Convergence Theorem imphes 

hm / (I Awv"|2 + |(Awv")w"|2 + |(Awv^)Vw|3)da; = 

so that we have 

hm / (Aw • i;'^)w'^ • A^;" dx = 0, Um / (Aw • ^;")Vw • V^;'' dx = 0. 
Now we need to show 

(4.3) hm I \Vu-Vv'^\^dx^Q. 

Jq. 

Assume that (4.3) is true for the moment. Then it is easy to see (Vw"'-w")(Vw- Vv"^) — > 
in L^(f2) so that we have 

I |Vw"|^= / |w"- Aw^pda; + o(l) < / | A w^p da; + o(l) 
Jq. Jq Jq 

this clearly implies (4.2). To see (4.3), observe that w" e VFo'^(n,M^). Therefore we 
have by integration by parts. 



/" |Vw- Vw"pda; = I (Vw • Vw")(Vw • Vw") da; 
Jq Jq 

= - / V • ((Vw • Vw")Vw) • v"" dx 
Jq 



= -2 / {Au-Vv'')Vu-v''dx - / (Vw- A^;")(Vw-i;'^)da; 
iQ Jq 



<C (|V'i;'"||Vw|| A w| + |Vw|2| A^;^|)(ia; 0, as n ^ oo. 
Jq 

This gives (4.3). 
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Now we write 



where 



= /""■[(|^A-A|i)|i + ... + (|^A...A|^)|l]dx, 

Jci 0x2 0x5 0x1 0x1 0x4 0X5 

3""= ! [D{u'')-V^dx- A"" -C" 
Jn 



and 



where 



Jo. 



V~ = (det („»,_,..._),..., det(«",^,...,^)). 

Since vP' ^ u weak* in L°°(l]), we have 

D{u) ■ dx, as n — > 00. 

n 

To estimate B"', we observe that direct calculations imply 

dvP" dvP du^ dvP' dv'^ dv'^ dv^ dv^ 

du du du du du du du dv'^ du du dv'^ dv'^ 

A TT— A TT— A h TT— A -rr— A -rr— A h TT— A A - — A 



dx2 dxs dx4 dx5 8x2 dxz dx4 8x5 8x2 8x3 8x4 8x5 

8u 8u 8v^ 8u du dv"^ du du du dv'^ du dv^ 
dx2 dxs dx4 dx5 dx2 dxs dx4 dx^ dx2 dxs dx4 dx^ 

QyTl QyU QyU Qy^ Qy Q^U QyU QyTl QyU Qy Q^n Q^n 

+ — A - — A - — A h 7— A - — A - — A h -r — A -— A - — A 



8x2 dxs 8x4 dx2 dxs dx4 dx^ dx2 dxs dx4 dx^ 

dv'^ du dv^ du dv'^ du du dv"^ dv"^ du du du 
+ -7^ — A 7— A - — A h -7: — A —— A 7— A h 7^ — A 7— A 7— A 



dx2 dxs dx4 dx5 dx2 dx^ dx4 dx^ dx2 dx^ dx4 dx^ 
dv'^ 8v^ 8u 8v"' 8v^ dv^ du du dv"^ dv^ dv^ du 

+ 7^ A 7r A A 7r h 7^ A 7r A 7^ A h 7^ A 7r A 7r A 



8X2 8X3 8X4 8X5 8X2 8X3 8X4 8X5 8X2 8X3 8X4 8X5 

This implies 

|S"|<C / (|Vw|3|Vv"| + |Vwp|V^;"p + |Vw||Vv^|^)cia;. 
Jn 
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Since Vv" — > a.e. and weakly in L'^(O), we can conclude that Vv" — > strongly 
in L'^{Q) for any 1 < q < A. Therefore we see B'^ — > as n — > oo. 

Now we need to estimate C"'. Since \u{x)\ ~ 1 for a.e. x E 0,, there exists 
a rotation R G S'0(4) such that R{u{x)) = (0,0,0,0,1). Moreover, for any vector 
Pi,P2,P3,P4,P5) e K^, since 

det{u{x),pi^, ■ ■ ■ ,pi^) = det(i?(u(a;)), R{piJ, • • • , R{piJ),\fl < h < i2 < is < H < 5). 

We may assume that u{x) = (0, 0, 0, 0, 1) and write R{pi) — (a^, bi, Ci, di, e^) for 1 < z < 
5. Then we have 

V = (det(it(a;),p2, • • • ,^5), • • • , det('u(a;),pi, • • • ,^4)) = aAbAcAd, 
where a — (ai, • • • , as), b — (&i, • • • , 65), • • • ,d— {di, • • • , d^). Therefore we have 

(4.4) \V\ = \aAbAcAd\ < ^{\a\^ + \b\^ + \c\^ + \d\^f . 
Applying (4.4) with pi = for 1 < i < 5, we obtain 

(4.5) IV'lix) < ^\Wv''\'^{x), for a.e. x e Q. 
This, combined with (4.1) and (4.2), implies 

liminf[/ I Aw"p(ia;+ 16A / D{u'') ■ W^dx] > [ \Au\'^dx + 16X [ D{u)-V^dx. 
in in in in 

This completes the proof of Lemma 4.1. □ 

As a direct consequence, we have 

Corollary 4.2. For any A e (0,1], there exists a ux E W|'^(f2,S'^) which minimizes 
Ha(-) overW^^\Q,S''). 

Proof. Since L{u) > for any u G W|'^(f2, 5^), it is easy to see that any minimizing 
sequence {ttj} of ]HIx(-) over W^'^{fl, S'^) is a bounded sequence in Vr^'^(f2). Therefore 
we may assume that Ui converges to ux weakly in VF^'^(ri). By Lemma 4.1, we have 
that Ux is a minimizer for M.x over l^?'^(ri, 5'^). □ 



Now we have 
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Lemma 4.3. For any X e (0, 1), if u\ G 5"^) is a minimizer for M.x{-). Then 

ux is a Q-minimizing biharmonic map, with Q = jz^- 

Proof. For simplicity, we abbreviate u\ to u. Let w e W^''^{Q, S'^). Then, similar to 
(4.5), we have 

I 

\D{w)\{x) < — |Vi(;|^(a;), for a.e. x E ft, 



16' 



and 



(4.6) \L{w)-L{u)\< [ {\D{w)\ + \D{u)\)dx 

< / (I Vw|^ + I Vu|'^) dx < -^[M{w) + H(u)], 

where we have used the fact that | Vtyp < | A top and | Vwp < | A -up for a.e. x e fl. 
Since u minimizes H^, we then have 

M{u) < U{w) + 16A(j4(L(t(;) - L{u)) < U{w) + X{m{w) + W{u)). 



This implies 

(4.7) m{u) < ^^M{w),yw e wl'^{n,s^). 



Now we need to show that ux is a biharmonic map. To see it, let r] e CQ°{fl, 
t e [0, 1), and denote Ux{x) = x e Q. Then we have 

(4.8) l|,^o(H(i^l) + 16Xa4L{ui)) = 0. 
Therefore is a biharmonic map, if we can show 

(4.9) ||,=oi^(«l)) = 0. 

In order to prove (4.9), we need the following Lemmas. 
Lemma 4.4. For any u,v & W^''^{Q, S'^), we have the following inequality 

(4.10) \Liu) - Liv)\ < C\\Viu - ^)||L^(o)(||V«||i4(n) + l|V^||i4(o)). 

Proof. By the definition of L, we see 

(4.11) \L{u,uo) - L{v,uo)\ < L{u,v) = — sup f {D{u) - D{v)) -V^dx 
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For any ^ : — > with |V^| < 1, we write 
(4.12) / {D{u) - D{v)) - V^dx = I + II + III + IV + V, 



where 



J [det ^tt — V, 



du du du du \ 



dx2 ' 0x2, ' 9x4^ ' dx^ J dxi 



, , du du du du\ , ^ 

+ dei\u-v, -— , -— , -— , -— -— dx, 
OXi 0x2 0x3 0x4 I 0x5 



11 = j [det {v, 



d{u — v) du du du\ _^ 



dx2 ' dxs ' dx4 ' dx5 J dxi 



, , d(u — v) du du du\ d^ . ^ 

+ det V, , dx, 

* dxi dx2 dxs dx4 J dx^ 



u — v) du du \ d^ ^ 



dxs ' dx4^ dxr^ J dxi 

, dv d(u — v) du du \ d^ , , 

+ det V, ^— , — , -— , -— -— dx, 

dxi dx2 dxs dx4 I dx^ 



/" r , / dv dv d( 



u — v) du ^ d^ ^ 



dx4 dx^ J dxi 



( dv dv d(u — v) du\ d3 , , 

+ det (v,^,^, ^ ^, ^ ^ dx, 

\ dx\ dx2 dxs dx4 J dx^ 

V [ \d t [ dv dv dv d{u — v)\ d^ ^ 
Jq \ ' dx2 ' dxs ' dx4 ' dx5 J dxi 

+ dtf d{u — v)\ ^^1^ 

\ ' dxi ' dx2 ' dxs ' dx4 J dx^ 

It follows from Holder's inequality that 

|//| <C [ \V{u-v)\\Vu\^dx, 
Jo. 

\III\<C I \V{u-v)\\Vu\'^\Vv\dx 
Jo. 

<C{ [ \V{u-v)\UxY'\f {\Vu\^+\Vv\^)dxY'\ 
Jn Jo, 
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\IV\<C f \W{u-v)\\\/u\\\/vfdx 
Jq 

<C{[ \V{u-v)\^dxY'^{l (|V«|^ + |V^;|^)da;)^/^ 
Jo. Jq, 

id 

\V\<C [ \V{u-v)\\Wvfdx<C{[ \V{u-v)fdxf/^{l \Vv\ 
Jq Jq Jq 

In order to estimate /, we observe that 

, f du du du du 
4 - — A - — A - — A 



dx) 



1/4 



dx2 dxs dx4 dx5 

du du du \ ( du du du 

= I u A A -— A -— + -— AuA-— A 



dxs dxi dx5 J \ dx2 dx4 dx^ , 

, du du du \ ( du du du 

— A- — AuA- — + - — A- — A- — Au 



dxi dxs dx5 J \ dx2 dx^ dx^ 



X5 



in the sense of distributions. Therefore, by integration by parts, we have 

, ^ du du du du d£ 
(w - • -— A -— A -— A 



Q 



dx2 dxs dx4 dx^ dxi 

1 f.diu — v) du du du 

-^^^ + 

0x2 OXs 0x4 0x5 



Q 



diu — v) du du du . d$, , 
dx5 0x2 oxs dx4 dxi 

If, . r/ du du du , d'^^ 

, du du du , , , 

By doing the same calculations to all other terms in /, we see that the sum of all terms 
involving V^^ cancel each other. Therefore we have 

\I\<C [ \V{u-v)\Vu\^dx < ( [ \V{u-v)\'^dx^ ( [ \Vu\^ dx^ . 
Jq \Jq / \Jq J 

Putting all these inequalities together, we obtain (4.10). □ 

The next Lemma is concerning with the density of maps, which are smooth away 
from finitely many singular points, in W^''^{Q, S^). The proof will be given in Section 
5. 
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Lemma 4.5. Define 

R'^ = {ue Wl'^{Q,S^) : u e C°°{Q\ul^^{ai},S^), where I < oo and U^=i {a^} C Q}. 

Then is dense in W^''^{Q, 5^) for the W'^''^ -topology. 

Now we return to the proof of Lemma 4.3. First we observe that for any v E R'^ we 
have 

L(^J^^) = L{v), for sufficiently small t e [0, 1) 

since the singularity of = j^^^f^ G R'^ is same as that of v and L(-) is the minimal 
connection of its singular points ([BB] [BCL] [BBC] [CMS]). 

For ux, it follows from Lemma 4.5 that there are {un} C R"^ such that 

lim \\Un - UxWw^.^m) = 0. 
n— >oo 

Then, for sufficiently small t e [0, 1), we also have 

lim \\ul^ - u\\\w2,2rQ^ = 
n— >oo 

where uL = rM^^. By Lemma 4.4, we have 

lim L(u^) = L{u^y), lim L('u^) = L{ux). 

n— >oo n— +00 

On the other hand, since G -R^^, we have, for any t e [0, 1) sufficiently small, 

L«) = LK). 

Therefore we have L{u\) ~ L{u) for any sufficiently small t € [0, 1). This finishes the 
proof of Lemma 4.3. □ 

We completion of proof of Theorem B. 

Proof of theorem B. Part (a) and (b) follow from Lemma 4.1 and Corollary 4.2. Since 
Lemma 4.3 implies that each H;\-minimizer u\ is a Q-minimizing biharmonic map with 
Q = part (c) follows from Corollary 3.2. □ 

5. Appendix 



In this section, we provide two examples, a proof of Lemma 4.5, a boundary partial 
regularity for H;^, and propose a few open questions. 
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Proposition Al. For n > 5, $(a;) = |^ : B'^ — > 5'" ^ is a unique minimizing bihar- 
monic map in W^'^{B^, 5^). 

Proof. Using the fact that |ttp = 1, we have 

(5.1) -u-Au=\Vuf 

Then 

\Au\'^ = \u- A-up + \Au- r(M)p, 

where t{u) — (ti, ...,t^_i) and {Tk{u)} is an orthonormal base of the tangent plane of 
5'"^"^ at u. Since $ : — > S'^~^ is a weakly harmonic map, 

A^(x) ■ rmx)) = 0. 

Now we recall that $ : B^ S^~^ is a unique minimizing 4-harmonic map (cf. [CG], 
[AL], [Ho]). Then 

/ \Auf^ [ \Vuf + \Au-T{u)fdx 
Jq Jo. 

> / \yl_\Ux= [ \A^\^dx 

for aU u e Wi'\B'';S''-^). This implies that $ is a unique minimizing biharmonic 
map. □ 

Now we give an example consisting a domain O C and (j) : dVt 5"^ with 
deg(0) = such that the infimum of H in Wl''^{VL, S^) is less than that in C^(0, S^). 

For a sufficiently large L > 0, let S+((0', L)) ( or S-((0', -L)) resp.) be the upper 
(or lower, resp.) half unit ball centered at (0',L) (or (0', —L) resp.) in M^. Define 

n = B+{{0', L)) U {B^ X [-L, L]) U Sr((0', -L)) 

where Bf C is the unit ball centered at 0' e R^. 

Let V+ : 5SJ^((0',L)) n {a; e : > L} ^ 5^ be a smooth map of degree one 
such that 

\dB+ {{0' ,L))n{x&?:xz=L} — ; 1); '^^\dB+ {{0' ,L))n{xeM.^:X5=L} — ^• 

Define : dVL ^ S"^ hj 
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{1p+{x',X5), X5> L 
(0',1) ,X5e[-L,L] 
ip+(x', -X5), X5 < -L. 

Then e C^{dn, S^) n W'^^'^{dVt, S^) has deg((/)) = 0. Motivated by the gap phe- 
nomena discovered by Hardt-Lin [HL] in the context of harmonic maps, we have 

Proposition A2. Under the above notations, we have the following gap phenomena 

(5.5) inf H(«) < inf H(v). 

Proof. The idea is similar to that of [HLl]. First, observe that 

[ (0',1), xeBtx[-L,L]. 

Then it is not difficult to verify that ^ e W^'^(f], S^). Moreover, direct calculations 
imply 



= 2 f dr [ I AV+P = C{t/;+) 

Jo JdB+{0',L) 

is independent of L. 

On the other hand, for any v e W^'^(f],5^) n C(fl,,S^), since | A -i;|(a;) > \Vv\'^{x) 
for a.e. x & Q, we have 

(5.6) 



B.{v) > [ 






x[-L,L] 






> / dX5 


/ IV, 




JBf 


> 16(74 / 


dX5 = 



A-ypda; > / d^s / | A-ypda;' 

L is* 

L 



> / (ixs / \'Vx'v\'^{x\ X5) dx' > 16 / / |det(Va;'t'|(a;', ^5) dx' 

J-L JBf J-L JBf 
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where we have used the inequality (4.5) and 

(5.7) / \det(Va;'v)\(x',X5)dx' > 0-4, Va^s e (-L,L). 

JBf 



(5.7) holds, since for any X5 G {-L,L) v G C{Bt {0' , L) U Bf x [x5,L],S^) hence v : 
d{B^{0',L) UBfx [x5,L]) S"^ has degree zero. 

In particular, we have that f (-, 2:5) : Bf ^ S'^ has degree one for all X5 e {—L, L). 

Therefore we establish (5.5), provided that L > is chosen to be sufficiently large. □ 

Now,we complete the proof of Lemma 4.5. 

Proof of Lemma 4-5. The idea is similar to that of [BZ]. Since (p G C°°(0 \ {xij^^^, 5"^) 
for some {xjf^i C we have that for any u e W^'^{n, 5^) there are {un} C C°°(n, M^) 
such that Un = 0, Vttn = V0 on dO,, and Un ^ u strongly in W'^''^{Q,, S'^). For any 
small e > 0, set 

Sl_^ = {x e : |a;| - 1 - e}, 5^+^ = {x G : |x| = 1 + e}. 
By the Sard's theorem, we have that 

are two compact submanifolds of Q, of codimension one. Moreover 

V-e = u-\{\y\ < 1 - £}), V+, = <i({|y| >! + £}) 

are smooth domains inside Q such that dV~^^ = F~^^ and dV^^^ = F^^^. 

For any a e 5| , define the projection maps n" : ^ Sf_g and 11+ : ^ Sf,^ 
2 

by 

n-(x) = ^(i-e), n+(x) = ^(i + e). 

By Lemma 2.1, there exist ai,a2 G -Bj such that the maps h~ ^ : — > Sf_^, 

2 ' ' 

hn,s ■ V+e Sf+e defined by 



n 



satisfy 



I \W^hnfdx<C [ {\V^Unf + IWUn]"^) dx 
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and 



/ \V^h+,fdx<C [ {\V^Unf + \VUn\^)dx. 

Jv+e ' JV+e 

We now define 

r h+{x) foTxeV+, 

WnA^) = \ K{x) for X e V-^ 

[ Unix) for X i U V-^. 

Then it is easy to see that Wn,e G (S^) has only a finitely many singular 

points in and satisfies 



/ \'V'^Wn,e\'^ dx < C |V^u„p + iV-Unl"*) c^a; ^ 0, as n ^ oo 

since Un ^ u strongly in VF^'^ and lim^^oo iKite ^ Kile I = 0- 

Finally, to obtain the desired approximation, we only have to project Wn,e on S'^ and 
let £ ^ 0. □ 

Proposition A3. Let ^{x) = |^ : — > S'^. Then there exist infinitely many hihar- 

monic maps {ttj} C W^'^(5^, 5'^), each of which is smooth away from a closed set Sj 
with H^-^{T.i) = for some 5 > 0. 

Proof. It is based on some modifications of [BBC]. First, let uq 7^ 3* be a given map 
in W^" (B^, S^) having finitely many interior singular points. For < A < 1, let 
ux e 5^) be a minimizer in W^'^iB^, 5^) of 

Mxiv) := U{v) + 16a^XL{u,uo) 

where 

L{u, uo) = — sup / {D{u) ■ VC - D{uo) ■ V^) dx. 

We remark that theorem B, corollary 3.2, and Lemma 4.3 also hold for minimizers 
of Ha. 

We claim: for < A < 1, ma 7^ ^- For, otherwise, $ is a minimizer for both H and 
Ha- In particular, setting ^>(t) = $ o ry(t), we have 



(5.8) 



= 

t=o 
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where ri{t) is a smooth family of diffeomorphisms from into itself, satisfying 77(0) = Id 
and r]{t) = Id on dB. This is impossible, for we can choose suitable ri{t) such that 
L($(t), uo) = L($, uo)-t + o{t) ast^O. 

For a fixed Ai e (0,1), let 

Ai = min{E[(f ) : f is a minimizer of H^i }• 

Then there exists a map e Wl'^{B^,S'^) which minimizes Hai such that M.{ux^) = 
A\. Moreover, since 

M($) < Ai 

there exists a sufficiently small < A2 < Ai such that 

M($) + A2[H(mo) + H($)] < Ai. 
Let itAa e 5'^) be a minimizer of Has- Then we have 

HKJ <Ha,KJ <Ha,($) 

< H($) + A2 / [|V$|* + |Vwo|1 c^a; < H($) + A2[H($) + H(wo)] < ^i- 

This implies that is different from both $ and uai Iterating this construction, we 
find infinitely many biharmonic maps maj- By Theorem 3.2 and Lemma 4.3, each ux^ 
is partially regular. This proves Proposition A3. □ 
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